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ABSTRACT

Electrical efficiencies are calculated for fission-
electric cells of parallel plate. concentric sphere. and con-
centric cvlinder geometries as a function of operating voltage
and fuel laver thickness. For spherical and cvlindrical cells.
several ratios of outer to inner radii are included. covering
the ranze which appears feasiple for a reactor which is to
be carried on a spacecraft. The calculations are simplified
by ignoring the distribution of fission fragment masses.
charges. and kinetic energies and utilizing average values
for these quantities; a linear rate of energy loss is assumed
for the first portion of the fragment trajectories. as they
pass through the fuel layer. The calculated efficiencies
decrease with fuel laver thickness. increase with the curva-
ture of the electrodes and ratio of outer to inner electrode
radii. and exhibit a maximum at operating voltages necar

one-half of maximum achievable potential.

. INTRODUCTION

Work is in progress at a number of laboratories on the problem of producing electricity from fission in a
nuclear reactor without using a thermodvnamic cycle. One purpose of this work is the development of a lightweight

power supply functioning without rotating machinery for use in space applications.

One concept which has been advanced during the course of this development is the direct conversion of the
kinetic energy of the charged fission fragments into electrical enerey in a fission electric cell (Ref. 1). A simplified
version of such a cell is shown in Fig. 1. Two metal plates are scparated bv a vacuum gap wide enough to prevent
voltage breakdown between the plates: on the upper surface of the lower plate is a laver of fissionable material. The

cell is within, or may constitute one fuel element of, a nuclear reactor. Neutrons striking the fuel laver on the lower

[
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plate cause fission to occur, normallv creating two high-energy charged fragments per nucleus split. These fragments
huve an average energy of about 80 mev each and a positive charge equal in magnitude to approximately 20 electron
charges. Half of the fragments will start out in the direction of the upper half plane, the others being lost in the fuel
faver backing plate. Since the fragment range is very short. on the order of 13 (mg ‘em?) in uranium, a significant
fraction will penetrate the fuel luver and reach the vacuum gap onlyv if the layer is extremely thin. Those fragments
which reach and cross the gap will create a positive charge on the upper plate and a net negative chuarge on the
lower—in effect. charging the cell as a condenser. The maximum potential which can be created by the fragments is
approximately 80,20 - 4 mv. Steady-state operation at any lower potentiai can be achieved by connecting to an

external load. as shown in Fig. 1, matched to the internal current flow of fission fragments.

One important measure of the practicality of such a device is its electrical efficiency: that is. the fraction
of total fission power converted to electrical power. This efficiency must be comparable to that achieved by thermo-
clectric or thermionic ronverters used 1n conjunetion with nuclear reactars or the concept will not he (‘nmpetiti\'e
for space applications, Calculated efficiencies of finsion clectric cells are already available in the Hierature for
parallel plate (Ref. 1) and some cylindrical cases (Ref. 2). In the following scctions these calculations are
partiallv repeated and extended to further eviindrical and several spherical configurations. The intent is to bring
together for casy reference the caleulated efficiencies over the ranges of voltage. geometry. and fuel laver thickness

which appear applicable to space svstems. all obtained under the same simplifving assumptions. utilizing the same
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Il.  ASSUMPTIONS

Several simplifving assumptions have been made to reduce the calculational problem to easily manageable

form. These assumptions are:

54

Uniformity of fission fragments:
All fission fragments are assumed to be of a single mass and a single, constant charge and to

start out at a single energy with isotropic distribution.

Linear rate of energy loss:

It is assumed that the energy of a fission fragment traversing fuel material is E = E(1 ~r/A).
where E() is the starting energv. 7 the distance traveled since birth. and A the extrapolated range

in fuel material, which is approximately one-half the actual range. The linear assumption seriously
overestimates rate of energy loss at low energies, but is very good over that portion of the fragment

range which is important here.

Effectively plane sources:
The curvature of the fuel layer in spherical and cylindrical cells has been ignored in computing the

rate and energy of fission fragment emission from the fuel surface. All cases are treated as planar.

U'nimportance of edge effects:

Both plane and cvlindrical cells have been treated as if the elements were infinite in extent.

Steady-state operation:
Current was presumed to be flowing through the external circuit at a constant rate equal to the

internal flow of charged particles between plates, giving a constant voltage across the cell.

Extraneous char-ge flow ignored:

It is assumed that all electrons ejected from the fuel layer in the slowing-down process are
prevented from reaching the anode, and that there is no net flow of Compton electrons in either
direction. The current is taken to be equal to the rate of fission fragment traversal multiplied by

average fission fragment charge, the counterflow of decayv betas being ignored.

For an exact calculation of output from a particular cell, it would be necessary to eliminate most of these

assumptions. However, none of them appears to introduce gross errors; calculations on this basis are certainly

adequate for comparison of geometric configurations, cell voltages, and fuel layer thicknesses.
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[1l.  CALCULATION OF EFFICIENCY

A. Definition of Cell Efficiency

The electrical efficiency of a fission electric cell can be defined as the fraction of total fission power
which becomes available as electric power output. For steady-state operation, electric power output per unit area of
fuel layer can be calculated as the product of ¥, the fixed voltage differential between anode and cathode, e, the
charge on each fission fragment, and 7, the number of fission fragments per second reaching the anode from each

square centimeter of fuel surface.

The corresponding total fission power is that produced in one square centimeter of fuel layer —that is, the

product of 7, the fuel layer thickness, N, thc number of fission fragments produced per cubic ce

, g produced D entimeter per second
P N N SN | o e b o wa fraomenta ner fia !
in fuel. and £ the fission energy associated with each fission fragment. With twe fragments per fisaion, ¥ 'is just

one-half of the energy per fission which is actually deposited in the reactor system —that is, total energy per fission

minus the energy carried away by escaping neutrinos, nentrons, and gamma ravs.

Electrical efficiency ¢ can thus be written:

TNE'

For any given cell configuration and operating condition, € follows immediately from 7. However, 77 is a function of

V, 7, and geometry, and must be calculated as shown below.

A portion of the fuel layer can be drawn as follows:

4
Z
\
SR
T o - :
as |
g | d
Y x
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where the lower plane represents the fuel-vacuum interface through which fission fragments pass on their wav to the
anode. The upper plane is the fuel laver—structural material interface. Fission fragments from the arbitrary volume
element d}" within the fuel layer traverse the distance r in fuel material and pass through the surface element 4S. In

spherical coordinates,

dV = % sin 6 dr d6 d¢

B. Zero Yoltage Case

For the simple case of cell voltage V' = 0, the number of fission fragments per second passing through the

surface and reaching the anode is

N dS cos 6
STy

477r2

If 7 > A, a very simple result is obtained:

N F72 A r277
= — ] d8 [ dr [~ d¢ sin 6 cos & =
47 0 0

NX fission fragments

"
0
4 cm? sec

the region of integration being merely a hemisphere of radius A. If 7 < A, the rate of flow of fission fragments

through the fuel surface will be limited by fuel layer thickness rather than A over the range 0 < & < & _:
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and the region of integration is now a truncated hemisphere:

N ) FA 27 ] - 6. rsec 8 Lom \
Ny = dg | dr | d¢ sin & cos & + | dé | dr d¢ sin & cos &
47\ ¢, 0 0 0 0 0
NT ) T fission fragments
2 2>\ Lmo sec
C. Finite Yoltage Case

For the situation of actual interest, where a voltage V' exists between anode and fuel laver, the electric
field created by this voltage hinders the passage of fission fragments across the vacuum gap to the anode, giving a
new 7 << 7. In order to cross the vacuum gap against this opposing field. a fission fragment must emerge from the

fuel layer with energy £/ > £ . . where £ is a function of voltage, geometry. and angle of emission. According

to the linear energy loss assumption. this means that all fission fragments originating in the region 0 < r < r_ .

r = A [(EO -E..) 'EO], will reach the anode. Those originating in the regionr < r < A will pass through

max

the fuel-vacuum interface, but will be turned back by the electric field. For r > A, the fission fragments will, of

course, be stopped in the fuel layer.

The minimum emergent enc
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angle of emergence for each geometry:
1. Paraliel Plate Electrodes

Since the potential is a function of z alone, the x and y components of velocity are constant.

ANODE
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8 | FUEL SURFACE
a |
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Therefore, since energv is conserved:

1 1
— M (vz)2 = — M vg c0s? 6 = — M(v )2 + Ve'
> 20 2 T e

where v is the z component of velocity. A minimum energy fragment, just able to reach the anode, will have

(v,) T 0, giving the relation:

z=

Ve'

, 1 2
Emin G,V = — M (vo) o= -
2 min cos 6

Combined with the assumption of linear energy loss in penetrating fuel material:

"max Ve'
E . =FE 1 - =
min 0 9
A cos” O

or

Ve'
r =A (1 —
max 2
( EO cos” & )

It can be seen that, for the }' > 0 case, there also exists a maximum angle of useful emission, £, < 7/2,
since even the most energetic fragment will have too small a z component of velocity to penetrate the electric field

if it is emitted at any angle greater than

1
2 2 2 o
~2— M (vo)max cos Qmax = E, cos Qmax = Ve
A
IY I3
6 = cos™? /~f—\
max
\EO/
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Thus, for a thick fuel layer, the region of integration is now

max

2 o4

where & could also be obtained by settingr__ =0. This is physically identical to the argument above, since

E, is just the energy of a fragment which has penetrated zero thickness of fuel material.

Just as in the ¥ = 0 case, the two possihilities of energy-limited, and fuel-layer-thickness-limited fragment

currents must be considered. The criterion which divides the thick-layer (energy-limited) from the thin-layer case is

now:

thick layer

T <A - thin layer
EO

That is, for the thick-layer case 7 > r for all angles &, and the fragment current is equal to that which would be

max

obtained for a fuel layer of infinite thickness. For the thin-layer case, there exists an angle 6 such that for all

0 < 6. the fragments are capable of penetrating the full thickness of fuel layer and still reaching the anode:

P N —————]

emax
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or
for
N
, e
for
where

A /1 - Llel\
\ £/

F2m _ - gmax . max 27 .
. de sin & cos & + | d6 dr ¢ sin & cos & (2)
0 e, 0 0
/ Fe '
- <A 1= :
By
per\
- €
=cos b [ o
EO
Ve!
=A [ 1- -
EO cos® &
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2. Concentric Sphere Electrodes

The fuel laver is assumed to be on the outer surface of the inner sphere, the inner surface of the outer
sphere acting as the fission fragment collector. Since the potential supplies a central force field, each fragment

trajectory will lie completely in a single azimuthal plane:

\_/ * FRAGMENT TRAJECTORY

Total angular momentum as well as energy is vonsery ed in the central field:

. 1 1
e = M ()P Lo ()? Lt
2 L Rk, o TRERy
YR, (v.) = YR, v.sin & = MR, (v.)
1 7[\,:[\,1 ‘1% ‘2 7R:R2
Combining the above:
R2
1 1 1
g = (v g)* s - vf sin? 0 + Ve’

2 2 R°Ry 2 RS

A minimum energy fragment, just able to reach the anode. will have (UR) =0, giving:
R=R

il

2
) 1 o Ve'
Emm(g. b)) = U(L‘O)“_ = ——
9 min RQ
- Ly,
1- - sin“ @€
2
ko

10
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With the assumption of linear energy loss in traversing fuel material, this becomes:

T 1
max Ve
Em‘.n = E0 1~ = 5
A Ry
. 9
- — sin© A
2
R3
or
Ve'
Eq
Tmax = A (1=
,{2
1
.2
1 - — sin® 8
2
Ry

One expects that there will also exist a & bevond which it is energetically impossible for an emitted
fragment to reach the anode, just as in the case of plane electrodes. However, the situation in the spherical case is
somewhat more complex. Substituting sin € = 1 in the above, it is seen that 7 remains greater than zero even at
0 =7/2, provided (Ve '/E,) < (1~ R%/R%). That is, because of the spherical geometry of the electrodes, it would
be energetically possible for a fragment to reach the anode even when initially directed at an angle 6 > 7/2,
provided the resisting potential is less than the critical amount above. This is physically impossible, however,
since an inward-directed fragment will simply be stopped in the fuel layer; for the assumption of effectively plane
sources, all angles & > 77/2 are forbidden. Therefore, it is necessary to set (9ma =7/2 for all V such that

x

(Ve'/Ey < (1~ R%/R%), and the fragment current is surface-limited. The region of integration is then:

-

1

LA




JPL Technical Report No. 32-105

When (Ve /,/EO >(1- R%/Rg), Mmayx BO€S to zero for some 9max < 77/2, beyond which it is not energetically

possible for the fragment to reach the anode against the potential V. In this case, the region of integration is

identical to that for plane electrodes. Settingr_ =0 gives
2
9 Ry Ve'
sin” 6 = — [1 - —
max ) E
Rl 0
or
R
_ 2
0 =sin | -2
max
Rl
for this potential-limited case.
Just as with the parallel plate electrodes, there again exist thick-layer {energy-limited) and thin-layer
(fuel-thickness-limited) cases determined by:
Ve' )
T>A (1- — thick layer
EO
Ve A\ )
TN {1~ —) thin layer
EO /
The dividing angle &_ is now found from
Ve'
T Eo
—— =7 =A [1-
max 2
cos O R
T 1 .9
l - — sin 197_
2
Ry
which is a cubic equation in cos &, or sin G_.
The fragment current reaching the anode for the above four spherical cases is
N /2 "max 2m
n=—"1_ do [ dr [ d¢ sin 6 cos 8 (3
477 0 0 0

12
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for

{OI‘

fOI'

for

where

2]
Te' Te' Ry
T oA - — e <L - =
o
EO EO R2
N ~ max "max r277
= — JO a8 | dr % d¢ sin @ cos 8 (4
477

“
v
pa
S
|
!
|
)
|
v
TN
et
1
ey
PO 2 | etd

oo

3 /FT" _ .Tsec§ 2 F T2 S max 2~ \)
RrEE & | dr d¢ sin 5 cos £ + de ar ‘7 sin 7 cos & (5)
47\ 0 0 0 6. 0 0 /
3
Ve Ve ky
T <A - e B
. 2
EO LO RE
A ,b‘rv . Tsec & -2 . . “max ~ g 2 i A
= — |\, df dr d¢ sin & cos & + | & dr dI sin T cas o (6)
17 \ 0 0 0 & ‘0 0 /
2
Ve Pe Ry
T<AL - — — > 11 - =
o
EO EO /\’5

13
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e
Eq
"max ~ A 1- ) B
i
.2
1 - - sin° @
R2
and (7’7, is found from: Ve’
3
T 0
L T I e e
cos @T R2

3. Concentric Cylinder blectrodes

The fuel laver is again taken to be on the outer surface of the inner electrode.

J—

@
‘ﬁ-—’/
(o)
R Q< l
o~
NS

%+ FRAGMENT TRAJECTORY
PROJECTED ON 2= O PLANE

Since the potential is a function of R alone, the z components of momentum and of angular momentum will be

conserved, as well as the energy:

1 1 :
e 1O S 170 e VR L
SR = = R=R
2 2 2 2 2 2 2
(v) = (v.) = v, sin @
“R=R,  *R=R; °

MR, (v, = MR, (v
28 _p 1

2

4
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Combining the above:

o
1 1 1 By
— Mvg = — M('UR)2 +o— .'»Ivg sin® @+ Ve'+ — M —— rg cos? a sin? &
; 2 2 R=Ry 9 2 R2
‘ 2
A minimum energy fragment, just able to reach the anode, will have (v,) =0, giving:
R—RQ
1 Ve'
S 32 2
min " (Lo)min - 2
2 RJ )
cos“a {1 - — sin“a
2
Ry

With the linear energv loss assumption in passage through fuel material:

"max l'e'
E . =F 1 - -
min 0

\ oA/ i (,,f\

cos“a 1 - —— sin“ 2

R /

or

-

The angle a is always potential-limited, as was & in the plane case, since the component of fragment
max
velocity directed towards the outer electrode is proportional to cos a; it approaches zero as a approaches 7/2. How-

ever, a is a function of 3 as well as V; the fragments are not emitted into an azimuthally symmetric field as they

max

were in the plane and spherical cases, and a single angle such as § is insufficient to prescribe their trajectories.

Just as was done previously for Qmax, a, .. can be found by settingr =0, giving now the largest a at which

ax

fragments of energy E) can still penetrate the electric field for each value of &:

cos? a = —
max 2

15
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or

The angle Smax is similar to & in the spherical case in that it is a function of V' for large V, and is 77/2
for small ¥, where the potential does not prevent emission downward into the fuel layer. The quantity & reaches its

largest value when none of the fragment energy is devoted to axial motion (a = 0). Thus, for the potential-limited

case:
ve'
EO
e B} -1
RL
1
1 - —— sin? 3
2 max
Ry
or
2
9 R2 Ve'
sin® o = — (1 - —=
max 2 r
Ry 0/
\ /
& = sin—1
max
when
2
Ve’ Rl
> -
2
EO R2
For the surface-limited case:
7
& = —
max
2
when
2
Ve' Ry
—_— < 1 -
2
EO R2

16
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As before. there exist thick-laver and thin-laver cases:

_ Ie’
T>A [l - — thick laver
EO
Ie'
T<A |l = — thin laver
EO

The dividing surface between energv-limited and thickness-limited emitting volumes is now no longer a circular cone

of angle &. Tt is delineated bv o _. which is a function of &, and by 2_. which is the largest & occurring on the

-

dividing surface (at o, = 0}. At the dividing surface:
B ie' ]
- , Eo
rmax = ,,7777‘_7,_‘: = A 1 - e e o i
cos a_ cos 0 / Ry \
? 2 i .9
cos® a Kl - é sin C)
L Ra d
or
Ie’
~ -2 EO
cos 2, = —m— 4 - - B
A cos & 424 cos” 2 Ry \
. o
1 - sin® 2
> /
\ R: /
When a_ =0:
Ve
T Eg
=1 -
A cos 5,’_ . R%
.2
1 - — sin® 8
2 T
Ry

must be found.

This is a cubic equation in cos 0_ or sin &_, from which 3_

17
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The fragment current reaching the anode for the above four cylindrical cases is:

N 7 “max "max
n = ds | da | dr cos® a cos &
7 O 0 0
for
2
Ve Ve' Ry
T =~ A - ; e [ =
- )2
EO EO [\2
\ 8 a r
N max - max max 9 ‘
n= - | dé | da | dr cos® a cos ©
0 0 0
for
2
Pe' Ve’ / Ry
T>A [1 - --- e > 0 -
- - 2
EO EO \ RQ
3 a )
N T T - T'cosacos $ 9
n = | ds | da | dr cos” a cos &
L\ 0 0
) B’f . ‘amu\‘ ,;rmu,r 9 N ™2 “max rrmax 9 \
g dd da | dr cos® a cos 0 + f dd f da | dr cos® a cos O )
0 a, 0 57 0 0 /
for
Ve' Ve' Ri
T <A (1= ——1; — < {1 = - -
E, EO R5
; § a
N o T o7 - T/ cos acos & 9
no= oo dd | da | dr cos* a cos
~ \o 0
§ a r $ a oo
max - max max - max ~omax c
+ f dé j daj dr cos? a cos O + j dd j da | dr cos? 2 cos &
0 a_ 0 5, 0 0

18
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for
2
Rl
> -
2
R2
Where
) =
max
amax =
N Ve/ "T
E
-0
"max ~ Al -
RY
cos?a |1 - — sin? §
2
L Ry _
- \
/ / Ve
o g 72 Eo
o3 = COS _ -+ e e e —
T 5 2 ...25 2
2\ cos o 4A° cos” d Ry
1~ —— sin? 8

\/ R} 1/

87 is found from:

. <
>
A cos ¢

/‘:\
l
- .
IOIO‘ [N
o
fon]
5%
~2
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IV.  NUMERICAL SOLUTION

While the 7) can be obtained in analytic form for plane and spherical geometries, it is necessary to utilize
numerical computation to obtain the integrals for cylindrical cases and also to determine 6 and &_. In actual
practice, it was simpler to perform all the integrations numerically, utilizing the IBM 704 computer and a single

program which carried out the following operations:

Integral |
) 6 r
0 V max max
E = -— ‘f d@f dr sin 6 cos 0
Ero2r 0 0
where
|f }
P
N
cos” &
r is the smaller of
max T
cos 6
cost =1
Integral i
E r
0 V max max
&= — — | a6 | dr sin 8 cos &
E' 27 0 0
where
f v
1 -~ L
R}
.2
1 - — sin“@
2
r is the smaller of < Ry
max
T
cos O
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R3
94 . — (1~
sin 5max is the smaller of R’.IZ
1
Integral 111
EO V [ max ramax r’max 2
E = — — | dé | da | dr cos” a cos
E' 7~ 0 0
where
(T I B
1 - . - |
2 ]
) ST !
L cos* 2 {1 - ~— sin” 2}
2 /
r is the smaller of < R3 / J

-

cos A cos ¢

\
g
cos? a =
max 5
T,
l - ~—— sin~® 2
2
By
R5
. Za-n
sin® 2  is the smallerof r2
max 1

These integrals are just the efficiencies in the plane, spherical, and cylindrical cases discussed above

expressed in the units
}"in units of Eo/e/

7 in units of A

An energy ratio E,/E " = 0.9 was assumed.
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V. RESULTS

The quantity & has been calculated for the three geometries over the potential range ¥ =0 to V' = Eo/e g
for fuel laver thicknesses from 0 to 104, In spherical and cvlindrical geometries, a series of R,/Ry values has been

utilized which appears to cover the most useful range for reactors in space application. Results are shown in Fig. 2

through 1.

Vi, ANALYTICAL SOLUTIONS

For purposes of completeness, the solutions which have been obtained in analytical form can be

SUIT]H]'dI'i I(?(i:

Plane Parallel Electrodes:

Pe'n | Ve Vel / Ve '\ |
E = — 1 - — =+ -— In [ 2. \ (11
AL'T LO AO \FO/
for
8 '
T > A /1 - i,\
\ 5/
o 7]
Ve' T 1 AVe!
é" - 1] - — - — - ——— In (12)
2L 4N 4 TE,
for
Ve'
TN |1 - ——
EO

22
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Spherical Electrodes:

2 2
Ve'A Te! R2 Rl\
é(‘) = 1] + — 7 1[1 1 - 7 (13)
4E'T E0 R1 R2
for
2
Ve Ve Ry
T>A [1- ; < |1--—
2
EO EO R2
2
F'e'A R2 Fe' Ve' /Ve'
E = — — 1 - + -— In {14
3E'T Rl EO EO \EO/
for
2
< ve'> Ve RT
T > A - ; > {1 - ‘)
2
EO EO RZ
o : .. R2 R?
I A 14 2 1
& - ¢ T[l—cos@,r]+— 1+ ¢ 2ln<—-
' 2
2FE'T 2 EO Ry R35
2 2
9 Ve’ R2 Rl o . —'
— sin 57 - — T In 1 - _:2— sin” 5‘7 (15)
Ey Ry Ry _l
for
2
Ve' Ve' Ry
T <A - — 1 < [1- —
2
EO EO R2
[ [ 2 2
. Ve A Ra Ve' ve' K3 / Ve '\
6: T[I—COSQ_’_J-.&) “5~<— )+——‘2an )
2FE'T 2 Rl E, EO Rl EO
2 2
.9 ve' Rj Ry 2
— sin 97, - — In 1 - = sin 5’7 (16)
EO Rl R2
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